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Abstract 

A model is constructed for a chiral abelian gauge-interaction of fermions and 
a potential of three higgses, so that the potential possesses a discrete symmetry 
i of the vacuum state, which provides the introduction of three generations for the 

fermions. For the model including charged currents, a matrix of the flavor mixing 
is described, and a phase giving the violation of CP-invariance is determined. Some 
approximate relations connecting the values of mixing matrix to the mass ratios 
for the fermions in different generations are derived. 
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One problem among those standing beyond the carefully studied Standard Model of 
^ I elementary particles [Q is the determination of an origin for the fermion generations, 

which possess identical quantum numbers with respect to gauge interactions and differ 
Q> ■ just in values of masses because of various couplings to the Higgs fields 0. 

^ . At present there are two approaches to this problem. According to the former, the 

Q-i! fermionic flavors are postulated as charges of a new "horizontal" gauge interaction, an 

Qh! observation probability of which is suppressed at current energies due to both small 

values of these charges and large masses of corresponding intermediate bosons 0. 

In the letter, the appearance of flavors is caused by some dynamical reasons. The 
foHowing three ways are usuahy pointed out 0|: 

1. Dynamical origin of flavors. In the framework of models along this way, fermions 
5^ I and Higgs fields are considered as composite states of fundamental "preons" , so that the 

generations differ because of an internal preonic structure p. 

2. Random lattice model of space and gauge interactions 0. In such models the fla- 
vors appear as effective low-energy fields caused by some nontrivial random interactions 
on the lattice in a deep region of the Plank scale. 

3. Geometric origin of generations: the superstring models with a compactification 
of an extended-dimensions space [^. In this way the fiavors naturally appear due to an 
appropriate choice of compactified manifold p]. 

A common point of the mentioned ways is an essential extension for a set of funda- 
mental fields with respect to the Standard Model. A replication of Higgs fields^ alike the 
number of generations seems to be a usual peculiarity of such extensions. 

^In supersymmetric theories an additional higgs appears even in the case of single generation because 
of the necessary introduction of both a scalar field determining the masses of "up" kind electroweak 
fermions at spontaneous breaking of the symmetry and a partner of the conjugated scalar field deter- 
mining the masses of "down" kind electroweak fermions j|] . 
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In the present paper we show how a model of potential for three Higgs fields can be 
constructed in a manner which results in an appearance of vacuum state possessing a 
discrete symmetry for higgses at spontaneous breaking of chiral gauge symmetry, so that 
the discrete symmetry provides the introduction of three generations of fermions. The 
advantage of such picture of generations is the absence of direct postulation of "preons" , 
random lattice dynamics or superstring compactificationsQ. Therefore, the offered model 
can be considered as quite a self-consistent description for the introduction of fermion 
generations. On the other hand, in the framework of mentioned ways for the construction 
of fermion flavors, the model can be taken as a common low-energy limit for three effective 
higgses interacting with the fermion field. 

The higgs potential under consideration possesses a discrete symmetry of three vac- 
uum configurations which are determined by a minimum of energy for constant fields. 
In accordance with transformations of this symmetry, a state of the minimum can be 
obtained from another by a discrete change of complex phases for the vacuum expecta- 
tion values (vEv) of higgses. These transformations are the representation of discrete 
group Z3, whereas the Higgs fields have the charges { — 1,0,1}. The physical vacuum 
invariant by the action of discrete group can be constructed as a direct product of min- 
imal energy states for the higgses. Then, the fermionic fields over each of the three 
minima have different mass values along with the identical properties with respect to 
the gauge interaction, which means the introduction of three generations of fermions. In 
a matrix representation of the direct product for the vacuum configurations of higgses, 
the mass matrix of fermions has a symmetric texture determined by the discrete group. 
For the presence of charged currents the representation of mass matrix can be fixed by 
the set of physical parameters in the model: The products of higgs VEV by three Yukawa 
coupling constants for fermions, whereas the only coupling constant is a complex one. 
The necessary condition for the fixing of the mass matrix is the introduction of complex 
phase causing the violation of CP-invariance. In real situation, when the fermion masses 
of major generation are much greater than the masses of the junior ones, the relation 
of elements for the matrix of charged current mixing |jlO| with the physical parameters 
of model is significantly simplified, so that up to small corrections over the mass ratios 
of generations one can determine the phase of CP- violation, and the values of mixing 
angles are expressed through the mass ratios in the parameterization recently introduced 
by Fritzsch and Xing |Tl| and also discussed in |12| 0. 

To clarify both the presentation of method used for the construction of model and 
its physical meaning, we consider the potential for two higgses with the discrete Z2- 



^Each of these ways has its own disadvantage. So, the "preonic" way looks hke a straightforward 
continuation of the atomic idea for an embedding of more and more elementary particles inside bigger 
nonfundamental objects, so that it is not clear whether a last stage is reached or not, which is weakly 
attractive. In the random lattice dynamics, it is problematic to build realistic models giving the fermion 
masses close to the observed ones. In the superstring models a set of compactifications is very broad, 
so that one can describe practically an arbitrary situation in the low-energy region, but, unfortunately, 
one still has not found a principal physical basis determining the parameters of the compacification. 

^The author believes that the classification of parameterizations for the mixing matrix was performed 
independently by Fritzsch & Xing and A.Rasin, which can be clearly understood due to some different 
results and statements in their papers pl| and 1 12 , respectively. Nevertheless, in a pure literal manner, 
we refer to the parameterization under consideration as that of Fritzsch-Xing, since their first paper on 
the question was submitted for a slightly early time marked in the referenced journal. 
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symmetry of vacuum configurations in Section 1. So, the fermion field has two genera- 
tions, and the mixing matrix of charged currents is determined by the only parameter, 
the Cabibbo angle, which is expressed in the known way of "see-saw" kind |TB[. The 



potential model with three higgses is constructed in Section 2. The vacuum is symmetric 
over the transformations of discrete cyclic group of the third order. This symmetry pro- 
vides the introduction of three generations for the fermions. Relations for the elements 
of charged- current mixing matrix with the model parameters are derived. Numerical 
estimates for the former ones are performed with the use of current experimental data 
on the fermion masses and Cabibbo-Kobayashi-Maskawa matrix. The obtained results 
are summarized in the Conclusion. 



1 Two generations 

Consider a chiral interaction of dirac spinor with an abelian gauge field and a higgs 
h 

L = ipRPi,'y''i>R + - eA^)-i^il)L + gi>Ri>Lh + gipL^nh* + Lgf + Lo{h, A), (1) 

where Lgf is the Lagrangian of free gauge field with a possible introduction of both a 
term fixing the gauge and a corresponding Lagrangian for Faddeev-Popov ghosts, Lq 
is the higgs Lagrangian with a self-action and the gauge interaction, g is the Yukawa 
constant which can be taken real and positive because of an arbitrary definition of 
complex phases for the Higgs field and the product of spinors in the vertex of their 
interaction. At the spontaneous breaking of gauge symmetry the vacuum expectation 
value of higgs is not equal to zero 

{0\h\0) = r]e'^. (2) 
In the unitary gauge = 0, the fermion gets the massQ m = gr] 

Lm = gr]{ijRipL + ^L^ij). (3) 



In an arbitrary gauge, it is convenient to use the method of auxiliary fields, so that, for 
instance. 



and 
where 



Lm = fRMRLh + UMLRfR, (5) 



MRL = MLR = gv(l J ) . (6) 



By the way, the kinetic term of Lagrangian and the gauge interaction of / with the field 
A do not change. Thus, one can see from (|]), that the field has the mass m = gr], as 
one must expect from the unitary gauge in (^. 

* The appearance of mass for the gauge field is not a subject of consideration here. 
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1.1 Potential of two higgses and generations 

Now consider the analogous interaction of fermions with two higgses hi and /i2- For 
the latter ones at the spontaneous breaking of gauge symmetry, the vacuum expectation 
values are equal to 

(0|/ii|0)=77ie'", {0\h\0)=V2e'"^"^, (7) 

where a is an arbitrary gauge parameter, is the difference between the phases of VEV, 
so that this difference can be observable. It is quite evident that the complex phase leads 
to the fermion mass depending on 

J^m^ = (?7i + 772 cos (pf + Tjl sin^ = (771 + 772)^ - 4771772 sin^ ^. (8) 

The following situation is of special interest: The phase difference is constrained 
due to a form of higgs self-action, so that the vacuum minimum of potential takes place 
at some discrete values of 0. 

In the model under consideration, the higgs potential has the form 

y = ^{hih\f - ^h,h\ + ^{h^h\f - ^[hh; + h,hlf, (9) 

where all of Xij and //^ are greater than zero, so that the constraint of the potential 
stability (F > at infinity) gives A11A22 > A^2- 
Then, the equations for the energy minimum 

0, ^ = 0, 



result in the VEV equal to 



d\hi\ ' d\h2 



An-^cosV 

,72^ = ^r,lcos'<l>. (11) 
A22 



Then, the minimal energy can be written down in the form 



4 An-^cos4 

Therefore, in the vacuum state one has cos^0 = 1 (see Figs.l and 2). Thus, in the 
specified model of higgs self-action, the phase difference between the vacuum expectations 
runs over the discrete values 

(f) — Trn, n e Z. (13) 

It is convenient to use the representation for the cyclic group of second order Z2, wherein 
the fields {hi, h2} have the charges q = {0, 1}, correspondingly, and the group elements, 
the relative phases exp{igri7r}, are the integer powers of basis a = exp{i7r}. Thus, the 
configurations with the various relative phases of VEV can be obtained by the transfor- 
mations of discrete group. 
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Then, introducing fields (|), one 



gets 



M, 



-2i(j> 



RL 
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(14) 



V2 rjie 

and at fixed (|13D tlie real matrix 
MjiL = Mlji has the eigenvalues 
corresponding to the fermion masses 



mi,2 = g\r]i ± V2\- 
Further, introducing 



:i5 



(16) 



one gets the diagonal form of the 
mass matrix 




9 



U ■ Mlr ■ 

r]2-r]i j 

with the eigen-vectors fLR = U fL,R- 
Let us emphasize that, first, the 
introduced auxiliary fields have the 
particular form 




Figure 1: The potential of two constant Higgs fields in 
the model of (9) at the fixed value of VEV for the /12 field 
in accordance with (11) versus the relative phase 4> and 
field \hi\ in the polar coordinates. The measure units are 
arbitrary, An : A12 : X22 = 10 : 7 : 7. 




fU 

Jr 







at 



(1) 



0, so that acting on the minimal energy configuration |0(i)), the field ip^^^ 




results in the state with the mass m^^^ = g(r]i + 772). Second, one obtains 



fE 



at = 0(2) = vr, so that the ■0*-^'' field has the mass m^'^^ = g\i]i—r]2\ over the configuration 
|0(2)). Therefore, if one constructs the model vacuum as 



|vac) = |0(i)) (g) |0(2)) 



|0(2)) 



(17) 



then one can use two kinds of auxiliary fields at = and = vr, f^, having the men- 
tioned particular formQ and the common mass-matrix independent of the chosen values 
of 0, to introduce the common physical field with the components corresponding to the 
kind of generation. So, the extended Lagrangian contains the physical field / over the 
vacuum |vac) with two generations. Note that the vacuum conserves the discrete sym- 
metry of the second-order cyclic group, which does provide the introduction of fermionic 
generations in the given modelQ 

^One can easily find that the auxiliary fields have been chosen in the way, where for each of the given 
phase differences the eigen-vectors of mass matrix have been formed. 

^We have defined the number of fermion fields to be equal to the number of configurations for the 
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The structure of the Higgs fields 
vacuum cannot change the num- 
ber of fermionic degrees of free- 
dom, so, it cannot be the origin 
of generations, since it cannot pro- 
duce these fermion fields. Two 
generations are introduced by con- 
struction. However, the consid- 
ered model of Higgs vacuum cer- 
tainly provides the introduction of 
two generations: the Higgs vacuum 
is arranged for the introduction of 
two generations of fermions. So, the 
number of fermionic degrees of free- 
dom is not changed in an original 
Lagrangian, since it is introduced in 
the self-consistent way. 

It is correct that in a gauge the- 
ory the only possible vacuum config- 
uration can be chosen because the 

physical meaning of gauge invariance is the equivalence of those configurations: The 
physics in each configuration is the same, and the only configuration must be chosen, 
the others are produced by the gauge transformations. So, the physical principle for the 
restriction by the only configuration is the gauge invariance. However, that is not the 
case with the model under consideration. The constructed configurations of minimal en- 
ergy arc not gauge equivalent, since they distinguish by the phase difference which is the 
observable physical quantity. Therefore, the full vacuum of the theory must contain all 
of the configurations because there is no physical principle ( "a rule of super-selection" ) 
to cancel some configuration and to restrict the state. So, the paper describes the theory, 
where all of the configurations are symmetrically presented in the vacuum. 

The minimal energy of potential is symmetric, but the quantum numbers, which are 
the gauge independent differences between the VEV phases, are changed under the action 
of discrete group. Hence, this symmetry cannot be broken spontaneously, since the latter 
results in forbidding of some values for the quantum numbers, with no physical reasons. 

The vacuum expectation values are equal to 



Figure 2: The levels of potential for two constant Higgs 
fields in the model of (9) at the fixed value of VEV for the 
/i2 field in accordance with (11) versus the relative phase 
(f) and field \hi\ in the polar coordinates. The measure 
units are arbitrary, An : A12 : X22 = 10 : 7 : 7. 



(vac|/i|vac) = (0(i)| <S> (0(2)|/i|0(i)) (g) |0(2)) = 



(0(i)|/i|0(i)) 








(0(2)|/i|0(2)) 



which is the matrix due to the vacuum definition. So, the higgs VEV, which is a simple 
classic field, converts to the matrix with the classic elements. One can simply recognize 
that the same representation can be equivalently obtained by the following construction: 
1). Introduce the replication of higgs sector for each generation, i.e. introduce the 

vacuum state, i.e. we have fixed the number of fermionic degrees of freedom in accordance with the 
vacuum structure. 
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matrix for each higgs field 

hi 



h 





hP 



2). Construct the new vacuum as 

|0) = |0(i))|0(2)), 

where |0(i)) is the single chosen vacuum configuration for the first generation with its 
own higgs sector, and |0(2)) is the single vacuum configuration for the second generation 
with its higgs sector, respectively. 

Then, the higgs VEV is the same matrix 



(0\h\0)-( 



Thus, this construction clarifies the situation in the usual way. 

The author prefers for the complex definition of the vacuum, when it carries an inter- 
nal structure, than the replication of higgs sector and, hence, the undesirable breaking of 
discrete symmetry in each isolated sector, together with the additional observable scalar 
particles. The first economic way is more attractive to me, but the second one is more 
evident, simple, usual and clear. 

In the matrix representation of vacuum state, there is the permutation symmetry for 
the vacuum configurations, which is related to the discrete group. These permutations 
contain two elements: 

= ( 1 ) ' = ( 1 ) ' 

which correspond to the arbitrary arrangement of generations: Whether one puts the first 
generation to be light or heavy, so that in the initial representation these permutations 



result in the substitutions rji ir^i in the mass matrix of ([T^)- 

Thus, two species of fermions possessing the identical properties with respect to 
the gauge interaction and different mass values, are introduced because of two kinds of 
vacuum configurations for the pair of higgses, so that in the model under consideration, 
the effect of introduction of two generations is provided by the vacuum structure of Higgs 
fields. 

From the practical point of view, equation ([T5| ) shows that the large splitting of 
fermion masses for two generations (e, fj,) can be caused by no difference between the 
values of Yukawa constants for the interaction between the fermions and higgses. The 
mass difference can be the result of small splitting between the vacuum expectation 
valuesj] (at r] = rji > ri2 > 0, Ar] = rji — ri2 <^ rj) 

rn, ^ ^ ^ « i. (ig) 

^2 r]i + r]2 27] 

Thus, we have shown that at the spontaneous breaking of gauge symmetry the struc- 
ture of vacuum for the pair of Higgs fields interacting with the fermions can provide the 
introduction of two generations of fermions as two kinds of the relation with the vacuum 
symmetric over the discrete group. 

Supposing mi/m2 = nie/m^, one finds that Arj/rj « 1/103 ~ Oem, so that, probably, the splitting 
is of the order of radiative corrections. 
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1.2 Mixing matrix. Cabibbo angle. 

The introduction of auxiliary fields (^) with the symmetric mass-matrix at = 0, vr 
contains the uncertainty related to an additional term 

which does not contribute to the determination of the mass values, since it is canceled 
in the Lagrangian expressed through the initial single-generation fields. This uncer- 
tainty corresponds to the rotation of the introduced physical fields in the Lagrangian 
with two generations. So, considering the general form of extended Lagrangian with dif- 
ferent Yukawa constants gi and g2 for the Higgs fields hi and /12, one gets the following 
expression for the mass matrix^ : 

sin 2^ .,cos2^ \ 
y f 1 cos 20 f 2 + f 1 sm 20 J 

where = giiji, so that the eigenvalues of the matrix are the same mi 2 = |fi ± t;2|, 
which are independent of the value. However, there is a particular state, when is 
determined by the physical quantities of model. So, we findQ 



M=r-« I , (20) 



where v = V2, a = vtan20 



^2 g2 /A12 
cos 20 = — = — \ - — . 

vi gi V A22 
The value is related to the masses of fermions 



tan2^ = 2^^^. (21) 

777,2 — TTT'l 



The matrix gets the "see-saw" form in the "heavy" basis 



M"" = U-M-U^ =(^^^ j, (22) 

where U is defined in eq.(|T6|). At vi = V2 we have a = 0, and the mass matrix of (^) is 
a "democratic" one IT^ . 

Next, the model matrix of (122) takes the diagonal form after the action by the rotation 
to the angle 0. 

Let us consider now the model with two kinds of the chiral fields t/'*-"-' and ?/'^'^'* 
possessing different charges, so that the charged current interaction between the latter 
ones has the form 

Lcc = ei^t^W^^ijf + h.c, 

*The number of relative phases, which cannot be removed due to redefinitions in the set of couphngs 
{517 <?2, • ■ • , ffn} and fields {hi, h2, . . . , /in}, is equal to ns — {n — l)(n — 2)/2, so that for n = 2, we have 
the situation, when ns — 0, and {91,92} are real and positive. 

^We consider the case of V2/V1 < 1. A description of the inverse condition is quite evident after a 
suitable transformation of ipR. 
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where the initial mass-matrices have the form of (^0|) with 



i) > V 



COS 



2^W = Ci/5^. 



' V ^22 

Then, the Cabibbo mixing matrix has the form 



9\ 



i-^) V A 



22 



V 



COS 6'c sin Qf. 
- sin Qc cos Qc 



where = 



(n) (d) 

At <^ <c: 1, one gets the Cabibbo angle 



sin 6r 



\ 



ml 

1712 



Thus, the offered model provides the introduction of two generations due to the structure 
of vacuum for two Higgs fields. It describes also the mixing matrix of charged currents 
through the physical quantities, which allows one to relate the mixing angle with the 
masses of fermions. 



2 Three generations 

Constructing the model in this section, we will follow the scheme presented above in the 
case of two generations. 

Consider the potential of three higgses 

V = ^{hihr-^hih+^iihih^r+ihihr]- 

^[hlh2 + hlhi + hlh^ + hlhi + hlh^ + /i*/i2 - 

o 

^{hlh, + hlh2 + hlh^)f. (23) 

As it has been mentioned in the previous section, the relative phases in the sum of pair 
products of three higgses in the expression for their potential can be removed by the 
redefinitions of fields so that there are no additional complex phases in the second string 
of (^31) . Moreover, in the contact terms of higgs interaction with the fermion field one 
can make two quantities of three Yukawa constants to be positive by the same procedure. 
So, there is the only complex parameter, a single Yukawa constant. 

The vacuum configuration corresponds to constant fields determined by five pa- 
rameters: three absolute values of VEV r]i and two phase differences between them, 
(pj = aj:g[hjhl]. Putting the first derivatives of potential over these quantities to be 
equal to zero, we find 

V - -^v' 

^ mm , '11 
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from the condition J2Vi' ^ — ^- Further, the derivatives over the phase differences give 

r]ism{(pi)+r]ssm{(pi- (p2) = 0, (24) 
r7isin(02) - r72sin(0i - 02) = 0, (25) 

for nonzero values of rji. A consideration of (pj = {0, tt} can be easily performed, so that 
we study the configuration, wherein the latter ones are excluded. Then, we get 

01 = -02, (26) 

2 i 2A22 1 

'^^ = Ai2(2 + fe)^ - 2' ^2') 

„2 ^ /f! C2g) 

^ii-i6^(4 + 4^ + ^')(2cos2 0i + l)' ^ ' 

In the rest of paper we use the following set of potential parameters 

k = 1, (29) 

All = 2OA12, (30) 
27 

A22 = "3"Ai2, (31) 

o 

which leads to 

Vi^V2^V3, (32) 
01 = ±f , (33) 

where we have taken into account the condition rji > 0. For the chosen set of parameters 
the same absolute values of both VEV and minimal energy are reached at 0j = 0, too. 

Thus, in the described model of potential for three Higgs fields the vacuum configura- 
tion corresponds to three possible sets of phase differences: 0i = {0; ±27r/3}, 02 = — 0i. 
The fact means that the model vacuum is symmetric over the action of third-order cyclic 
group Z3, whereas the fields {hi, h2, hs} possess the charges {0, 1, —1}, correspondingly. 
As it was in the case of two generations, it is convenient to use the matrix representa- 
tion for the vacuum state defined as the direct product of three given configurations of 
minimal energy 

/ |0(i)) \ 

|vac) = |0(i)) |0(2)) |0(3)) = |0(2)) , (34) 

V |0(3)) J 

or in the similar way, we can introduce the replication of higgs sector for each of three 
generations and define the vacuum state as 

|0) = |0(i))|0(2))|0(3)), (35) 

where we have already chosen the single vacuum configuration for the each sector of 
higgses, so that the same matrix of VEV is reproduced, when we take the model with 
I vac). 
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Acting on each element of vacuum |vac), the fermionic operator produces the field 
with different masses: three configurations lead to three values of masses. Thus, the 
discrete symmetry of vacuum provides the introduction of three generations of fermionic 
field. 

In the Lagrangian for the interaction of higgses with the fermion field 

Lm = gi'4'R'ipLhl + gilpL'ipRhl + g2'4'RlpLh2 + fi'2^L^i?^2 + fi'S^fiV^L/^l + Qs'^pL'^pRhl, (36) 

we will suppose that (72,3 > 0, and 



Introduce the notations 



91 



91 ■ Vi 

92 ■ V2 

93 ■ V3 



V + i ■ V, 
^3, 



and 



-XV2 + V3), 

Then the masses of generations are determined by the expressions 



1 

Vs, 
2 



rrin 



{v + 2t;')' + v^, 
iv-v'f + {v + v'f, 
{v - v'f + {v- v'f. 



Construct the auxiliary fields 



h 



1 

73 



i^R 



R 



-i(pi 



-l(p2 



(37) 
(38) 
(39) 



(40) 
(41) 



(42) 
(43) 
(44) 



(45) 



Then the Lagrangian of (|36D can be written down in terms of fields (|45| ) with the use of 
mass matrix 



RL 



(46) 



In the considered model of potential the admissible set of phase differences results in the 
mass matrix, which does not depend on the choice of vacuum configuration 



RL 



( Vi V2 V3 
V2 V3 Vi 
V ^^3 Vi V2 



(47) 
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In a general case, matrix ( ^71) is not hermitian because of the complex value of vi. 
It possesses the permutation symmetry over the indices of higgses in the way that its 
eigenvalues do not change through these permutations. The elements of the permutation 
group are given by the matrices 



^1 




So 




(48) 
(49) 



The mass matrix can be diagonalized by the action of unitary matrices 



U 



R 




UJ 
2 



UJ 




UJ 
2 



LU 



1 \ 

UJ^ 
UJ J 



where lo = exp{i27r/3}, so that 



/M3 











M2 





I 





Ml 



where \MA 



M3 = V1 + V2 + V3, 

M2 = Vi + V2UJ + VsUj"^, 
= ViUj"^ + V2UJ + Vs. 



M 



(50) 
(51) 
(52) 



Further, note that the unitary matrices W diagonalizing Mrl, are constructed from the 
corresponding vectors, which are given by the auxiliary fields of (|^) at three fixed phase 
differences of higgs VEV. The fact means that, as it was in the model with two genera- 
tions, each configuration of auxiliary field in the diagonal representation corresponds to 
the only generation, exactly, i.e. the only element of vector is not equal to zero. Thus, 
we can introduce the physical field /, whose components correspond to the generations 
of fermion field, with the common mass-matrix of (W^). 



2.1 Mixing matrix of charged currents. Phase of CP- violation 

Having considered the example of two fermionic generations, we see that the initial mass- 
matrix for the auxiliary fields contains the uncertainty, which does not change the values 
of masses and can be related to the rotations of components for the extended physical 
field. For three generations, a displacement of relative phase between the generations 
is added to the rotations. The rotation angles and the complex phase cannot be any 
external additional parameters of the model, and they have to be related to the physical 
quantities: v,v',v,v'. So, the transformation parameters can be determined due to a 
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fixing of a symmetric form of the mass matrix. For the system of two generations, the 
symmetry condition for the 2x2 matrix has looked like: 



M(l, 2) = M(2, 1), -[Mil, 1) + M(2, 2)] = M(l, 2), 



(53) 



which does not depend on the mentioned permutation symmetry for the components. 
The symmetry condition leads to definite relations of the Cabibbo angle with the physical 
parameters of model. The natural unification of condition to the case of three generations 
is given by the following equations: 



M(l,2) = M(2, 1), M(l,3) = M(3,l), M(2, 3) = M(3, 2), 
i[M(l,2) + M(2,3)] = M(l,3), 

so that the resulting matrix has the form 



(54) 
(55) 



M 



I yUl /2 + A yU 

/i + A /i2 /i - A 

\ pL fi- A /i3 



(56) 



It can be constructed in the following way: 

Permute elements vi and V2 in matrix ( ^71) (the action of permutation operator S4) 
and come to the "heavy" basis by the transformation 

U ■ Mnr ■ = Mr/, 



where 



U 



/ 1/Vs 

1/V2 -1/V2 
V i/Ve i/Vq -2/V6 



so that 







f V + 2v' + i ■ V 












Mu 




v' - 


- V - 


i ■ 


V 


v' 






\ 


v' 




V 


— v' + i ■ V 


Further, transform this matrix to the form 












( 


+ 2v' + i-v 












Mu = 




-v + i 


.{v 


— V 


') 


v' 




V 





v' 






-V + i ■ {v — 


by the action of operators 














/I \ 






( 1 


\ 




^1=0-20, 









1 






V 1 / 






lo 


i J 



(57) 



(58) 



(59) 



so that Mu = U2 ■ Mu ■ Ui. As one can see, matrix (|59D has the form similar to one 
considered above in the case of two generations, so that the third generation is decoupled, 
and the real part of matrix for two other generations exactly corresponds to the form of 
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matrix constructed above. By the way, an imaginary part of matrix for two generations 
is proportional to the identical one. Then, we can easily introduce the rotation in an 
analogous way as in the model with two generations, so that 



cos2^i2 = ^, (60) 
v' 



and the mass matrix is transformed to 



where 



M(i2) = 4)-^t/-%)' 

/ 1 

S{i) = cos^^i2 sin6'i2 
y — sin 9i2 cos 612 

Further, make the inverse transformation with matrices Ui^2 to get the previous texture 
of imaginary parts for the elements of mass matrix: M(i2) = Ul • M(i2) ■ Ul. Then, 
introduce both the angle of mixing with the third (heavy) generation and the relative 
phase 

/ cos6'3 sin^^3 

e'^ 
y — sin 6^ cos 6*3 



-^(3) 

whereas 



^(3) = ^f3)-M(i2)-%. 



In what follows we will use the approximation of low ^3 value in the linear order over 
this angle. Finally, coming from the "heavy" basis to the "democratic" one, we find the 
mass matrix M 

M = U^ ■ M(3) • U. 



Making conditions (^) to be valid, we get that the mass matrix takes form (|5BD, if the 
following equations are satisfied 



v' + -y/Sf COS S 



3V2 v' + j^^vcos6 ~ ^^^^ 
6 -8^3 sin 5- 76^3 sin 5 + 372^3 tan 2^12 = 0. (62) 

Constructing a realistic model, we have to use the condition of observed low values of 
masses for the junior generations with respect to the mass of major generation as well 
as the fact that the mixing between two junior generations is quite accurately described 
by the scheme considered in the model of two generations. So, in the realistic model we 
suppose 

|f — ti'l ^ \v\, 
\v\ <^ v,v', 



\v — v'\ <^ \v — v'\ 
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Then we can easily find 



sin 6 



^3 ^ -x/lBoos5^±J'i'^., 



2 3v' V 32 ma ' 

tan26'i2 ~ 2y/mrm^/{m2 - mi), ^g3^ 
m2 ~ l-wl + \v'\, 



nil ^ ||f| — \v \\. 

First of all, note that at small angles of generation mixing, the introduction of complex 
phase S is necessary, whereas the value of sin 6 in the leading approximation is certainly 
fixed. However, we have to point out such uncertainties as signs of cos 5(5 — > vr — 5), v, 
v', and, hence, signs of some masses and rotation angles. Therefore, the order of arrange- 
ment for the first and second generations is not definite in the diagonal representation, 
since the relative sign of v and v' is uncertain. The phenomenological analysis shows 
that the angle 6^ corresponds to the mixing between the second generation and the third 
one. 

Now consider the picture of mixing for the charged currents of left-handed fermions, 
t/'*^"^ and ip^'^\ One can easily understand that the unitary matrix of Cabibbo-Kobayashi- 
Maskawa is given by the expression^ 

T/ _ q(«) qW oWt Q(d)t 

VCKM — ■ >5(3) • >5(3) • • 

The complex phases in the matrices 5(3) for the "up" kind and "down" kind fermions 
do not cancel each other, if J^"-* = vr — 5'^'^\ For the mixing angles of junior generations 

accuracy up to the sign, we approximately get 



sin^^"'"^) ^ ± 



(u,d) 

ml 

7712 



Thus, the mixing matrix Vckm in the representation of Fritzsch-Xing has the form 



CKM 



\ -SdS -CdS c J 

where cos^^"''^-' = Cn,d, and analogous definitions are made for the sines, and 

5 ~ 7r±2arcsin^, 

U - ^3 - ^3 . 



^°In the model with two generations the additional transformation by matrix (|l^) does not influence 
the Cabibbo matrix because this transformation is the rotation to the angle ^ , which is compensated by 
the inverse rotation for the quarks of other charge. In the model with three generations, the presence of 
mixing with the third heavy generation leads to the fact that to remove the additional rotation to the 
angle j, we have correspondingly to transform the mass matrix: to come to the "heavy" basis, to make 
the inverse rotations by matrix 5(3) and operators J7i,2, to rotate the matrix of two light generations 
by (|l6|), and, finally, to be back to the initial texture (operators Ui^2, and the rotation from the 
"heavy" basis to the "democratic" one (|7|)). By the procedure, the mentioned properties of symmetry 
for the mass matrix naturally survive in a changed form. 
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The features of such representation of the mixing matrix for the charged currents are 
in detail discussed in papers by Fritzsch and Xing. Let us here note only that with the 
accuracy up to small corrections over the mass ratios for the fermion generations, we 
have 

cos 5 
\0\ 




(64) 
(65) 



2.2 Numerical estimates 

Consider the matrix of charged current mixing for quarks. This matrix is of special inter- 
est phenomenologically, since the measurement of its elements is carried out experimen- 
tally in the framework of precision study of the Standard Model, but also theoretically 
because, in contrast to lots of models introducing the various initial mass-matrices of the 
fermion generations, the model under consideration can make some definite predictions 
on both the phase of CP-violation ( |5^ and the relation of angle 6 with the masses of 
quarks. 

Indeed, with the accuracy up to small corrections linear over the ratios of generation 
masses, we find 



cb\ 



TTlr 



± 

rrib rrit 



For the Cabibbo angle, we get 
sin 9c = Is, 



Sde 



\Sd + SuCOs6\ 



"^d _^ 5 




where the upper sign corresponds to the negative value of relative sign between Su and 
Sd- Further]^, 



ub 



Vtd 



V, 



ts 



tan6'ri 



rric 




sin 6r- 



(66) 
(67) 



In the 5-meson physics, angles of unitary triangle are usually introduced. So, in the 
given model we can predict, for example, a = a.Tg[—VtdV^lV*dVub], which approximately 
coincides with the angle 6 up to high accuracy, 

5 

sin 2a ^ sin 25 = ± — ^39 ^ ±0.976. 
32 

For (3 = aTg[-VcdV*bVt*aVtb], we obtain 



sin 2/3 ^ 2— sin 5 

Sd 



1 H — - cos 6 

Sd 



39 murris 



4 



nidnic 



It 



5 mums 



rudmc 



^^See a discussion of such relations in mH, nf 
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The universal parameter J []T^ independent of the representation for the mixing matrix 
of charged currents determines the violation of CP-invariance. In the model it is given 
by the expression 

2 



J = SuCuSdCds'^ c sin S ^ ±^ 



TTlr 



nib rnt 



j mumd v39 
msTric 8 



Choosing the negative sign in the expressions for the Cabibbo angle and element Vet and 
supposing that0 

rud = 14 MeV, m„ = 7 MeV, 



200 MeV, nir 



1.4 GeV, 
175 GeV, 



(68) 



irib = 4.6 GeV, 
we fincl0 that 

|sin2/5| = 0.490, \J\ ^ 2.2 ■ IQ-^, 
and the set of values shown in Table |] for the elements of Cabibbo-Kobayashi-Maskawa 



matrix. 



Table 1: The model predictions with the mass set of (67) in comparison with the current 
experimental data. 



quantity 


model 


experiment 


\Vus\ 


0.220 


0.2205 ±0.0026 


\Vcb\ 


0.0392 


0.0392 ±0.003 


\Vub/V,b\ 


0.071 


0.08 ±0.02 


\Vtd/Vts\ 


0.265 


0.22 ±0.07 



Thus, we have shown that in the framework of model the numerical estimates of 
matrix elements for the mixing of charged quark currents agree with the current experi- 
mental data within the accuracy of determination, but also they have a predictive power 
with respect to the parameters of CP-violation. 



Conclusion 

In this paper we have constructed the models of potentials for two and three higgses, 
wherein there are the discrete symmetries of vacuum configurations, Z2 and Z3, corre- 
spondingly, which provides the introduction of two and three generations of fermions 

^^In this paper we are not concerned with the problem on the values of quark masses: a scale for the 
determination of "running" masses, a relation of the current masses with the pole ones, uncertainties 
of theoretical models in QCD for an extraction of the quark masses from the experimental data and so 
on. Note only that an admissible variation of quark masses for two light generations can reach 50%, 
because of both effects of QCD evolution to a scale of the order of i-quark mass and some uncertainties 



in the initial data of the evolution. So, the set supposed in (68) is generally used for the illustrative 
purpose though it is quite typical. 

^^Note that the admissible variation of quark masses results in valuable uncertainties in the determi- 
nation of angle /3 {A/3 ~ 5%) and elements of mixing matrix. We have also to point out that the choice 
of quark masses close to the values in the paper by Lucas & Raby |^ leads to the quark-currents mixing 
matrix approximately equal to what is obtained in the model under consideration. 
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coupled to the higgses by the Yukawa interaction. Thus, the essential reason for the 
generation replication is in part the symmetric structure of higgs vacuum. 

In the framework of such approach, the hierarchy of generation masses (two genera- 
tions are light and the only one is heavy) is caused by a small splitting of the quantities 
defined by the products of vacuum expectation values of higgses and Yukawa coupling 
constants in the higgs-fermion contact terms. 

These physical parameters of model determine the matrix of charged current mixing, 
whose elements are related to the ratios of generation masses. In the leading approx- 
imation for the quark currents mixing, the hierarchy of masses results in the certain 
predictions on the complex phase of CP- violation and several elements of the matrix, 
though there is the uncertainty in the choice of several signs because of indefinite values 
for the model parameters: the arrangement of Yukawa constants and vacuum expecta- 
tion values. We have shown that the typical set of quark masses leads to the Cabibbo- 
Kobayashi-Maskawa matrix which is in a good agreement with the current experimental 
data in the framework of error bars. 
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